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Abstract 

The symmetric coinvariant algebra C[xi, . . . ,x n ]s n is the quotient al- 
gebra of the polynomial ring by the ideal generated by symmetric polyno- 
mials vanishing at the origin. It is known that the algebra is isomorphic 
to the regular representation of S„. 

Replacing C[x] with A — C[x, y]/(xy), we introduce another symmetric 
coinvariant algebra A®" and determine its SVi-module structure. As an 
application, we determine the s[ r +i-module structure of the local Weyl 
module at a double point for sl r +i 65 A. 

Keywords: symmetric groups, coinvariant algebras, infinite-dimensional Lie 
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1 Introduction 

The symmetric group S n acts on the polynomial ring of n variables C[xi, ■ ■ ■ , x n ] . 
Let C[xi, . . . , x n ]5" be the set of symmetric polynomials vanishing at the origin 
x\ = ■ ■ ■ = x n = 0. For an algebra R and a subset S of R, let (S)r be the ideal of 
R generated by S. The classical symmetric coinvariant algebra C[xi, . . . ,x n ]s n 
is defined as the quotient algebra: 

C[xi, . . . ,X n ]s n = C[xi, . . . ,X„]/(C[xi, . . . , X n ] + ")c[ !Cl ,...,a ra ]- 

It is known that this is isomorphic to the regular representation of S n as an 
5„-module (0). 

The symmetric group S n acts diagonally on the polynomial ring of 2n vari- 
ables C[xi, ...,x n ,yi,.. .,y n ], i-e. 

aP(xt, . . . ,x n ,yi, . . .,y n ) = P(x a ^), . . . , x CT („) , y CT (i) , . . . ,y CT ( n )) 

for a e S n and P G C[xi, . . . , x„, y%, . . . , y n ]. Recently, Haiman defined the 
diagonal symmetric coinvariant algebra 

C[xi, . . . ,x n ,yi, . . .,y n ]s n = 

C[xi, ...,x n ,yx,.. . ,y n ]/(C[xi, . . . , x n , yi, . . . ,y n ]+ n )c[a; 1 ,...,x n ,v 1 ,...,y„] 

where C[xi, . . . , x„, yx, ■ ■ ■ , 2/n]+* is symmetric polynomials vanishing at the ori- 
gin. He determined its S^-module structure in the form 

^ [Xi , . . . , x n , y± , . . . , y n } s „ ~ CPF n ® Lnn) 

where PF n is the set of parking functions, functions from {1, . . . , n} to itself 
satisfying some condition, CPF n is the vector space spanned by PF n , and Lf^n) 
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is the sign representation of S n ( Ha ) . In generally, for a partition A we denote 
by L\ the irreducible representation of S n corresponding to A. 

Let M be an affine variety over C and let A be its coordinate ring. The 
symmetric coinvariant algebra A® 71 is introduced by Feigin and Loktev in |FL| . 
The symmetric group S n acts on A® n , the n-th tensor product of A. Fix a base 
point on M. Let (A® n )^ n be the set of symmetric elements vanishing at the 
point (0, . . . , 0). The symmetric coinvariant algebra is defined as 

Af? = A* m /((A 9n )^) A 9n. 

This representation is used for the study of the structure of (s[ r +i <S> A)- 
module Wm({0}a) called the local Weyl module. Let sl r+ i — n + © t) © n_ be 
the triangular decomposition of slp+i, and let A £ t)* be a dominant integrable 
weight. The local Weyl module Wm({0}a) is the maximal s[ r+ i-integrable 
(str+i ® A)-module generated by a cyclic vector vq with the following prop- 
erties: 

(n+ ® P)v = 0, (h® P)v = X(h)P(0)v for all P e A, h e h. 

This definition was first given by Chari and Pressley in |CP| for A = C[x] and 
then generalized by Feigin and Loktev in |FL| . 

Let V r +\ = C r+ be the vector representation of s[ r +i and let ui\ be the 
highest weight of V r+ \. In |FL| . Feigin and Loktev show that there is an iso- 
morphism of s[ r+ i-modules : 

This isomorphism gives us the connection between the S'n-module structure of 
the symmetric coinvariant algebra and the s[ r +i-module structure of the local 
Weyl module. 

In this paper, We consider the case of A = C[x,y]/(xy). In this case, the 
corresponding affine variety M has the double point 0. We consider the sym- 
metric coinvariant algebra and the local Weyl module at the double point 0. 
Our main result is 

Theorem 1. We have the following isomorphism of S n -modules: 

A| n n ~C[5 n ]©(n-l)Ind^ L (M) . 
where is the sign representation of S2. 

As a corollary of Theorem ^ we determine the structure of the local Weyl 
module W AI ({0} nLJl ). 

Proposition 2. For n E Z>o, we have 

W M ({0}n Ul ) * V r %\ © (n - 1) (K+"r 2 ® ^r+l) 

as an s[ r +\-module. 

Let us give a sketch of the proof of Theorem^ We introduce a generalization 
of the symmetric coinvariant algebra Rfj- Let e\, . . . , e n be the elementary 
symmetric polynomials of variables Xi , . . . , x n , and f\ , . . . , /„ these of y\ , 
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. . . , y n . For I = {ki, . . . , fej} C {1, . . . , n}, let xj = x kl ■ ■ ■ x kl and let yj = 
Vki ■ ■ ■ Vk„ ■ The algebra ■ is defined as 

J^ = i4® n /<ei > ...,e < _i > aj / (|7|=i) J /i.--./i-i»yj(kl=i)>A«». 

Clearly we have i?" n = A®". By using the same method as that in |GP| . we 
can determine the «SVi-module structure of i?" ■ for i, j > 1, i + i < n + 1: 

^"i - Ind £_ < _ i+2 ^(n-i-j+2)- (1) 

Next, we introduce the decreasing filtration {F p A® n }o< p < n of A®" given by 
pp A ® n= J- y kl ...y kp A® n . 

ki<---<k p 

Let {F p A^} < p < n be its induced filtration on Af™. For f < i < n - f , We 
have the following exact sequence 

- gr* AT n - - K- iti - 0, (2) 

where gr A® n is the graded module associated to {F p A® n }o< p < n . By combining 
Q and J2J, we obtain Theorem ^ 

The paper is organized as follows. In Section [2J we recall basic definitions 
and notations. In Section |3| the symmetric coinvariant algebra is defined. In 
Section 0] we introduce the generalization of the symmetric coinvariant algebra 
and prove (JJJ. In Section 03 we prove J5J and then Theorem ^ In Sectional we 
review the definition of the local Weyl module and determine its structure. 
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2 Preliminaries 

In this section we review some definitions and notations in the representation 
theory of symmetric groups and symmetric polynomials. 

Let S n be the n-th symmetric group. For each partition A of n, let L\ be 
the irreducible representation of S n corresponding to A. 

For a finite group G, we denote by C[G] its group ring. For a G-module L 
and a subgroup H of G, L H is the subspace of H- invariants. For an H- module 
L, we denote the induced module of L by Ind^ L = C[G] ®c[h] L. 

The following lemma easily follows from the semi-simplicity of representa- 
tions of S n . 

Lemma 3. If an S n -module L has a filtration invariant under the action of 
S n , we have an isomorphism L ~ grL of S n -modules where gr L is the graded 
module associated with the filtration of L. 
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Let V be a vector space. We denote by V® n the n-th tensor product of V, 
and by S n (V) the n-th symmetric tensor product. For a subset B C V, we 
denote by span c £? the subspace spanned by B. 

For a set of indeterminates S, ek{S) is the fc-th elementary symmetric poly- 
nomial of variables S. We write ei, . . . , e„ for ej = ei({xi, . . . ,x„}), and /i, 
...,/„ for /j = ej({2/Xj ■ ■ • i J/n})- When the number of variables matters, we use 
notations e^ n \ . . . , e^ n ' ) and f[ n \ . . . , /^"' ) . 

For a set of indices / = . . . C {1, . . .,n} with ji < • • • < jj, we 
define Xj — - Xj-^ . . . Xj^ - We also define yi similarly. 

For an algebra R and a subset S of i?, let (S)r be the ideal of R generated 
by S. 

3 The symmetric coinvariant algebra R n 

First we review the classical symmetric coinvariant algebra C[xi, . . . , x n Is ■ The 
symmetric group S n acts on C[xi, . . . ,x n ]. Therefore we can think of the ring 
of symmetric polynomials C[xi, . . . , x n ] s ™ , and we set 

C[xi, . . . , x n ]l n ={Pe C[xi, . . . , x„] s " | P(0, . . . , 0) = 0}. 

Consider the quotient algebra 

C[xi, . . . ,x n ]s n = C[xi, . . . ,x n ]/(C[xi, . . . ,x n ]f") C [ xl) ... iXn ]. 

We call this algebra the symmetric coinvariant algebra according to |Hi|. It is 
a classical result that we have 

C[xi, . . .,x n ]s n ^ C[5„] 

as an S^-module. 

Next, let A = C[x,y]/(xy) and let M = {(x,y) £ C 2 | xy = 0} be the 
corresponding affine variety. For any n G N, S n acts on ^4® n . Set 

(A® n )f» ={Fe (A®") s - | P(0, . . . , 0) = 0} 
and let J„ be the ideal of A®" generated by (A®")^ n , i.e. 

Definition 4. TTie symmetric coinvariant algebra R n = A® n is 

R„ = Aj£ = A® n /J n . 

Let tt be the projection 

Ti:A® n — ► P n . 

In this paper, we study the SVi-module structure of R n . 

By a theorem of Weyl [ffi], the elements Yl7=i x i Di ( r ' 3 — 0) g enerat e 
C[xi,...,x n ,t/i,...,y„] ,s ". In A®", S" =1 x^y| = for (r, s) such that r > 1 
and s > 1. Therefore the ideal J„ is generated by the power sums Yli=i x i aim 
SlLi 2/1 ( r — 1)' or ^ ne elementary symmetric polynomials ej, /, (1 < i < n). 
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4 Generalization of symmetric coinvariant alge- 
bra 



In this section, we introduce a generalization of R„ and determine its in- 
struct ure. 

Definition 5. For 1 < i, j < n, let Rfj be the quotient algebra of A® n given 
by 

where 

S n _ j ei, . . . ,ei_i,x/ (\I\=i) i 



iJ I /i /, :•//./ (|J|=i) 



Let 7rfj be the projection 

n . /l«in cm 

i,j ' i,j ' 

Clearly, R n is equal to i?" n . First we show the following variant of Newton 
identity for the elementary symmetric polynomials. 

Lemma 6 (nonsymmetric Newton identity). For 1 < i < n, we have the 
following identity: 

< - x'-'eP + ■■■ + {-ir'x^X + (-l)M n) = (-l) 1 ^- 1 '. (3) 
Proof. Clearly, we have 

n n— 1 

(1 + Xnt)- 1 + Xjt) =U(l + Xjt). (4) 

J=l J'=l 

For 1 < i < n, the coefficient of t % in (jJJ coincides with (up to sign). □ 

The following lemma is easy to prove. 
Lemma 7. We have equalities x l n = and y J n = in Rfj . 
Proof. By Lemma El we have 

4 - 4-^ + • • • + (-lr 1 ^ + (-i)^ = (-i)M n ~ 1} - 

Since the elements , . . . , e| , and e|™ _1 ^ belong to we have x l n £ 
Similarly, we have y J n £ 7™-. □ 

In the rest of this section, we determine the S^-module structure of Rfj for 



i + j < n + 1. Our proof is a modification of that in jGPj . First, we introduce 
another ^-module Rw- 

For i, j > I, i + j < n+ 1, let ai, . . . , Oj_i G C x be distinct, and let b\, . . . , 
fej-i G C x be also distinct. We set 

-(Co) (v).Go--a-o--o)«-- 

n— i— j+2 
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The symmetric group S n acts on M n . Let W be the SVi-orbit of zq, then 
#W = #(S„/S n _i_ i+2 ) = n!/(n + 2)1. 

We define 

% = {Pe#"|P(z) = (jsgW)}, 

— A® n / Iw ■ 

The algebra is the coordinate ring of W ~ S n / S n -i-j+2- Hence i?w — 
Indf"_ L( n _j_j_|_2) as an S^-module. 

The algebra A® n is graded with the homogeneous degree in x and y. We de- 
fine the increasing filtration {G p A®™} p >o of A® n : G p A® n is the set of elements 
of A® n whose homogeneous degree are less than p. We also define the filtration 
{G p Rw}p>o of quotient algebra Rw as its induced filtration. 

Lemma 8. Each element of S™j is the leading homogeneous component of a 
polynomial in Iw 

Proof. For (f < k < i — 1) or /; (1 < I < j — 1), the elements 

ek - e fe (ai, . . . ,aj_i,0, ... ,0), fi - fi{b x , . . . ,bj_i,0, . . . , 0) 

belong to Iw and their leading homogeneous components are e^ or /;. 

The remaining generators xi = i) and yj (|J| = j) clearly belong to 
Iw- □ 

From this lemma, we get the following surjective homomorphism of S n - 
modules: 

Rf j — > gr Rw 

where gr Rw is the graded algebra associated with the filtration {G p Rw}p>o- 
Since the filtration of Rw is invariant by the action of S n , Lemma implies 
that gr Rw is isomorphic to Rw as an S^-module. Thus we obtain the following 
proposition. 

Proposition 9. For i, j > 1 such that i+j < n+1, there is a surjective 
homomorphism of S n -modules: 

R h y Ind t-,- J+ 2 L (n-i-j+2)- 

Note that dimi?™^ > nl/(n — i — j + 2)1 by Proposition |5J Next, we show 
dimi?"^ < n\/(n — i — j + 2)\. First, we consider the case of i + j = n + 1. 
We introduce the following filtration of Rfj for i, j > 1 such that i+j = n+1: 

= (vDr^ c (yt 1 )*.^ c • ■ ■ c (yn) RZj 

C (yn^ti^R^ C {x^\y n ,X^ 1] ) Rl] ■■ C {xly n ,X^ 1] ) Rl] C JZ& 

where xj™^ = {xi \ Id {1, . . . , n — 1}, \I\ = i — 1}. Note that, since = 
(-l^-M-i 15 by Lemma© (y n , X^)^ = (y^x^ 1 ^^)^.. From this 
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filtration, we have the following decomposition of J?" -: 

k=l 

3-1 

©0<^>«-/<y« +1 >«-- (5) 
fc=i 

Lemma 10. Fori, j > 1 smc/i thati+j = n+1, 1 < fc < i — 1 and 1 < fc' < j — 1, 
we /laue the following surjective homomorphisms of S n -i-modules: 

: P™-ij - * {Vn, %n,Xi-i ! 

P + Ii-li + I?j + (Vn, Xn,X£i 1] ) A ®n , 

p + ~ s*p + JTj + (yn,^ 1 , a&^W. 

Proof. First, since ej" ^ = ej™^ modulo (x^a®™ and //" ^ = modulo 
(y n ) A ®n, we have J™"^- C + (y n , x n , X^^) A ^n. Therefore, ip is well- 
defined, and clearly it is surjective. 

Next, we show that ip k is well-defined for 1 < k < i - 1. Let F e ^i-i c 
A® n , and assume P belongs to I^Lij- We have 

/C{l,...,n-1} 
|/|=i-l 

+oi/i (n - 1) + ---+Q J --i/i"r 1) + E ^ 

JC{1, ...,n-l} 
\J\=J 

where Pi, . . . , Pj_2, Pr, Qi, • • • , Qj-i, Qj G A®" -1 . Therefore, we have 
x k n P = Pix^("- 1} + • • • + P^e^ + E 

/C{l,...,n-1} 
|J|=i-l 

+ Qix k r j[ n ~ 1] + ■■■ + Qo-ix k n ft~i 1] + E x nQjyj- 

JC{1, ...,n-l} 
|J|=J 

Since x£e, ( " _1) = x£ej n) modulo (x£ +1 ) A ®„ and x£// n_1) = x*// n) , x^P be- 
longs to + (y„, x* +1 , A , i < -"j _1 ^) yl ® n . Therefore, is well-defined. 

For any element of {y n ,x*, X^^)^. / (y n , x£ +1 , X^^) R n. , we can choose 
its representative x\P where P £ A® n ~ x . Therefore ifik is surjective. 

Similarly, ip' k , is well-defined and surjective. □ 
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Proposition 11. For i, j > 1 such that i + j = n + 1, the S n -module Rfj is 
isomorphic to the regular representation of S n . 

Proof. By Proposition [5J we have the surjective homomorphism Rfj -» C[S n ]. 
We show dimi?™^ < n! by induction on n. First, consider the case of n = 1. In 
this case, we have i = j = 1, and this case is already proved. We may assume 
that dimP"~j = (n - 1)! for i' , j' > 1 such that i' + j' = n. Therefore, by © 
and Lemma we have 

i-i j-i 

dimi^. < dimP^ +^dimi?t"i 1 ,j + £ dimi? "A 

fc=i fc'=i 

= n!. 

Hence, the induction completes. □ 

Next, consider the case of i + j < n. We introduce the following filtration of 
R"j for i, j > 1 such that i + j < n: 

= (vDr^ C (yf 1 )^ C • • • C (y^Rn . 
From this filtration, we have the following decomposition of Rfj : 

i-l 
k=\ 

©0(^>^/(yn +1 )^- ( 6 ) 

fc=l 

We can prove the following lemma similarly to Lemma ITU1 

Lemma 12. For i, j > 1 such that i + j < n, I < k < i — 1 and 1 < k' < j — 1, 
we Ziaue the following surjective homomorphisms of S n -± -modules: 





. nn-i 
■ " 




p 


+ F'r 1 h 


■* P + + (Vn,X n ) A » n , 




nil — 1 




PH 


- J™-, 1 . H 




^: 


pn— 1 




PH 




->^P + /^ + (y I fe + 1 ) yl8 „. 



Proposition 13. For i, j > 1 suc/i t/iai z + j < n, we /icwe t/ie following 
S n -module isomorphism: 
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Proof. The following proof is similar to one of Proposition^^ By Proposition^ 
we have the surjective homomorphism Rfj -» Indf™_._ . 2 L( n _j_j + 2). We show 
dimi?"^ < nl/(n — i— j + 2)\ by induction on n. First, consider the case of n = 2. 
In this case, we have i = j = 1, and this case is already proved. We may assume 
that dimi?""* = (n- l)\/{n-i'-j'+ 1)! for i', j' > 1 such that i'+f < n- 1. 
By Proposition !!!! we have that dimi?" = nl = nl/(n — i — j + 2)! for i, j > 1 
such that i + j = n + 1. Therefore, by floj) and Lemma ^1 we have 

t-1 3-1 

dimi^ < dimi?™" 1 + ^ dinxR? : ' , + dinxR^ 

fe=l fe'=i 

("-!)! | (■ n ("-!)! | r , n ("-!)! 
(n-i-i + 1)! 1 ; (n-i-i+2)! U j (n-z-j + 2)! 



(n-i-j + 2)!' 

Therefore, the induction completes. □ 



5 The structure of R n 

In this section, we determine the ^-module structure of R n . 
We define a decreasing filtration {F i A® n }a<i< n of A® n where 

F l A® n = yjA® n . 

\J\=i, JC{l,..,n} 

This filtration is ^-invariant. Let F l J n = J n n F i A® n and F l R n = Tr(F l A® n ). 

Let = gr l R n = F l R n /F l+1 R n = F l A® n / (F\J n + F l+1 A® n ) , then 
R^f> = 0. We have 

R (0) = A ® n/ ( F o Jn + F i A vn) = c[x ^ ^ ^ „ c[Sn] (?) 
module (0). 

Since the algebra R n has the S l „-invariant filtration {F t R n }o<.i< n> R n is 
isomorphic to gri?„ = ©ILq 1 ^y Lemma For 1 < i < n — 1, we will 
determine the SVj-module structure of iZ^ by using the result of Section^ Since 
F\J n + F t+1 A® n C there is a homomorphism : R$ -> 

Definition 14. Let A be a commutative ring and let M. be an A-module. 

1. An element a G A is called M-regular if and only if for any 
we have ax =/= 0. 

2. A sequence a\, ■ ■ ■ , a n G A. is called an M-regular sequence if and only if 
for j — 1, . . . , n, a,j is (M / YjL=i Uk-M) -regular. 

Lemma 15. For any n £ N, the sequence of the elementary symmetric polyno- 
mials e±, . . . , e n is the C[x±, . . . , x n ]-regular sequence. 

Lemma 16. Let M. be a flat A-module. If f\, . .. , f n 6 A is an A-regular 
sequence, f\, . . . , f n is an M.-regular sequence. 
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These lemmas are basic facts in the theory of commutative algebra. 

Proposition 17. For 1 < i < n — 1, the homomorphism <fi : Rn^ — > P™_^ i+1 is 
injective. 

Proof. By the definition of <f>, we only need to prove that J n + F' l+1 A® n D 
FV«_ Vi+1 forl<i<n-l._ 

For J C {1, . . . , n}, let J be the complement of J in {1, . . . , n}. Fix an 
arbitrary element P £ F l I™_ { We can decompose P into two forms. First, 

p = E p ^ + pl ( 8 ) 

|J|=i 

where Pj G C[^(j £ J)] <g> C[%(j £ J)] and P' G F t+1 A®". Second, 
P = Qiei + --- + Q„- t -ie„_ 4 _i+ Qixi + Ri.fi + --- + R l .f l + E 

|J|=n— » |J|=»+1 

(9) 

where Qi, . . . , Qi Ri, . . . , Pi, Pj £ A®". Fix J C {1, ... , n}, | J| = i. 

For S £ A®", we denote by S the element of C[xj(j £ J)] ®_C[y i (j £ J)] 
obtained from the substitution Xj = (j £ J) and t/j = (J G J). Set Xj — 
for j £ J and j/j = for j G J in (JHJ) and , we have 

Pjyj = Qiei{{xj}jej) H 1- <9n-i-ie n -i-i({%}jej) + Oj^j 

+ Pi/x^jjej) + • • • + +P i _ 1 / i _i({y i } ieJ ) + Riyj. 

Since iej = e n -i({xj} jB j) and yj = fi({yj}jej)> w e bave 

(P,/ - -Rt)/i({yj}jej) S ( ei ^ x J^'ej)' ■ ■ • ' e ™-i({ x i}je./): \ 

\/i({yj}jej)>-">/»-i({j/i}jej) /c[x 3 (ieJ)]®c[ w o-e./)] 

(10) 

in C[xj(j £ J)] <g> C[y 3 (j £ J)]. Let A = C[yj(J £ J)] and let M = C[xj(J £ 
J )]s n -i <8> C[t/j(j £ J)]. By LemmalEl /i({j/i}j£j), • • ■ , fi({yj}j£j) is the A 
regular sequence, and M. is a flat .A-module. Hence, by Lemma ITK1 /i({yj},j£j), 
. . . , fi({Vj}jej) 1S an .A/f-regular sequence. Therefore, from ljTU|) . we have 

P/ _ g / ei^'bej)) • • • , e ™-*({^ W), \ 

\ /i({j/jbeJ')) ■ ■ ■ i fi-i({Vj}jeJ) I c[x 3 (jeJ)]®c[ % -0'eJ)] 

By multiplying j/j we have 

(Pj - Ri)yj e ( 6 /" " ' e r 4 ' ^ + P i+1 ^". 

\ Jl> - • • ) Ji— 1 / _4®« 

Therefore, taking the summation for J (| J = i), we have 

p _ p , _ p.f, e / ei, . . . , e„_ 2 , \ + Fi+ i^„ c ^ + Fl+ i A ® n _ 



fl ) • • • ! /, 



i-1 



.4*" 



Hence P £ J„ + F' +1 A®". □ 
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We have shown that <p : Rn — * R„-i »+i is an injective homomorphism. 
On the other hand, we have a surjective homomorphism ip : R T ^_ i j+i — > j 
because J n _ iji+1 C 

Proposition 18. for 1 < i < n — 1, we fterae i/ie following exact sequence of 
S n -modules. 

n p(i) pn R™ fl 

Proof. First we have Im<^ C Ker0 because F'A 8 " C I^-a- 

Next we show that Im^> D Kerip. If P G Ken/>, it belongs to the image of 
r n-u in Namel y we have in 

P = Pjei H h P„_i_ie„_i_i + ^ Pjx/ 

1 7|— n— i 

+Q1/1 + • • • + Qi-iii-i + Q j y j 

\j\=i 

\j\=i 

□ 

Corollary 19. For 1 < i < n — 1, we have the following isomorphism of Sn- 
modules: 

P«~Ind^Z (ljl) . 

Proof. By Proposition [TT] and Proposition H2J P"_ M+1 ~ C[S n ] and P"_ M ~ 
Ind| n L( 2 ), the claim of the corollary follows from the exact sequence of Propo- 
sition m □ 

Together with 0, we obtain the following theorem. 
Theorem 20. We have the following isomorphism of S n -modules: 

R n ~ C[S n ] © (n - 1) Indfj 



6 The local Weyl module at a double point 

In this section, we study the structure of the local Weyl module at the double 
point. 

Let g be a finite-dimensional semisimple Lie algebra and let g = n + (B t) (B n_ 
be its triangular decomposition. Let M be an affine variety and let A be the 
coordinate ring of M. In |FLj . Feigin and Loktev introduced the ($j (8 A)-module 
Wm({0}a) called the local Weyl module for a dominant integrable weight A 6 f)*. 
Wm({0}a) is the maximal g-integrable module with a cyclic vector vo such that: 

(n+®P)w o = 0, (h®P)v o = \(h)P(0)v (PeA,helj). 

Consider the case of g = slr+i- Let V r +\ be the vector representation of 
s[ r +i and let u>i be the highest weight of V r +\. For A = noj\, the following 
theorem is proved by Feigin and Loktev. 



11 



Theorem 21 (|_FLJ). There is an isomorphism of s{ r +\-modules: 



Thus, combining Theorem 1201 and Theorem 12 II we obtain the sl,+i -module 
structure of Wm ({0}„ Wl ) as follows. 

Proposition 22. For n € Z>o, we have the following isomorphism of sl r +\- 

%({0U) * KTi e (n - i) (K+"r 2 ® AVr+x) . 

Proof. The following proof is essentially same as the first half of the proof of 
Theorem 10 in [FT] . 

By Theorem 1211 and Theorem 1201 we have 

vm{o}„^(kTi^!:) s " 

^ (V r ?i ® (C[5„] © (n - 1) Indf" L (M) )) S " 

~ ® C[S„]) S " e (n - 1) {v r %\ ® Indf- L(ia)) S " 

s ® C^n]) 5 " e (n - 1) (V^ ® L (1 „ } ® Ind|' L (2) ) 5 " 

^ 7®3 © (n - 1) Homgjidn) ® (F; +1 )^,Ind| L (2) ) 
* KTi © (n - 1) Hom S2 (L (1 „) ® (F r * +1 )®«, L (2) ) 
K+" © ( n - !)K+"r 2 ® A 2 F r+ i. 

□ 

Corollary 23. For n E Z>o, we /iai>e 

dim^M({0}„ Wl ) = (r + I)"" 2 ( ( r + I I ~ - 
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